A numerical investigation is presented of axisymmetric, static and elongating, viscous Newtonian liquid bridges confined between identical circular disks. The time-dependent interface shapes and applied forces on the end plates, which separate at a constant prescribed velocity, are calculated as functions of the capillary number, the viscosity ratio between the inner and outer fluids, and an initial bridge configuration characterized by the aspect ratio. The numerical simulations are in excellent agreement with available experimental data and provide useful insight into the different dynamical responses of extending liquid bridge configurations. In particular, liquid bridges surrounded by fluids of a relatively small viscosity deform in a fore-aft symmetrical manner and undergo breakup sooner than in the case of relatively viscous outer fluids, which also require a greater applied force on the end plates to maintain the desired motion. Decreasing the capillary number ͑increasing interfacial tension͒ and the initial aspect ratio result in shorter bridge lengths prior to breakup and an increase in the applied forces on the end plates.
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I. INTRODUCTION
A mass of liquid connecting a pair of solid surfaces is called a liquid bridge ͑see Figs. 1 and 2͒. Such a configuration occurs in many natural as well as industrial applications. Examples of these include oil recovery, float-zone crystal growth, powder granulation, flow in porous media, materials processing and the liquid film at the base of the feet of aphids 1 and tree frogs. 2 In enhanced oil recovery applications, for example, there is interest not only in static stability but also in the dynamic evolution of the liquid bridges of viscous crude oil that exist in the interstitial voids of the reservoir as the less viscous displacing fluid is pumped into the reservoir.
The liquid bridge configuration has also been used in rheological studies for experimentally determining the extensional viscosity of non-Newtonian fluids. 3, 4 Indeed, such studies motivated our investigation of liquid bridges. Extensional deformations of non-Newtonian fluids are significant in fiber-spinning and extrusion and also can have significant influences on stability and breakup of jets and threads. The extensional viscosity characterizes a fluid's resistance to elongational ͑or extensional͒ deformation and for nonNewtonian fluids is a fundamental material property which cannot be inferred from viscometric shearing motions. 5 In many experimental configurations, a column of test fluid is placed between two rigid circular disks which are then separated at a prescribed rate. 6 The tensile forces which are measured on the disks are used to determine the coefficient of tensile resistance to elongational deformation. It is well known that in a homogeneous, steady, uniaxial extensional motion, Newtonian fluids, such as water or syrup, exhibit an extensional or Trouton 7 viscosity that is exactly three times the value of their Newtonian shear viscosity . For macromolecular fluids, such as polymer melts, liquid crystals, or DNA solutions, molecular models predict that the extensional viscosity is dependent on the imposed deformation rate and can be 10 2 to 10 5 times larger than the shear-ratedependent viscosity of the fluid. In this paper we first discuss some static features of liquid bridges and then describe in detail the results of a numerical study of the dynamics of stretching Newtonian liquid bridges. The dynamics of Newtonian liquid bridges is a starting point for ongoing investigations concerning the extensional flow dynamics of nonNewtonian fluids.
Under static conditions, the equilibrium shapes of Newtonian or non-Newtonian liquid bridges confined by rigid surfaces are governed by the Young-Laplace capillarity equation and many studies of the shapes and stability as a function of fluid volume, aspect ratio, end-plate size, gravitational body forces and capillary pressure have been performed. [8] [9] [10] [11] [12] [13] [14] Studies of the dynamics, for infinitesimal as well as finite perturbations from a static equilibrium configuration, have focused on liquid bridges confined by circular end plates and depend on three parameters: a Reynolds number, R 0 / 2 ͑the inverse is called the Ohnesorge number͒ where , and are, respectively, the density, viscosity and interfacial tension for a liquid bridge with end plates of radius R 0 , a Bond number, ⌬gR 0 2 /, which measures the importance of gravitational influences, and the viscosity ratio between the inner and outer fluids. Previous investigations include linear and nonlinear stability analyses in the limit of small, or zero, Bond number for low viscosity fluids ͑Rey-nolds number ӷ1͒ [15] [16] [17] [18] [19] as well as high viscosity fluids. 20 Finite Bond number effects have also been investigated for low viscosity fluids. 21, 22 Some of the dynamical investigations include the problem of the breaking of the bridge, rotation of the end plates at the same or different speeds and spin-up from rest. An extensive review of this literature is provided by Martinez and Croll. 23 There have also been studies of the influence of the fluid surrounding the liquid column, 19 including viscous oscillations 21 and flow 24, 25 in the outer fluid.
However, comparatively little theoretical work has been focused on the extensional dynamics of deforming viscous fluid bridges even for the case of Newtonian fluids. Analytical solutions for extensional motions can be found provided the dynamic shape obtained during deformation is assumed to be identical to the static interface shape corresponding to the instantaneous volume and aspect ratio, which neglects viscous stresses acting on the interface ͑e.g., see Davis and Frenkel 26 ͒. Alternatively, the liquid column is assumed to remain cylindrical by allowing a moving contact line on the solid surfaces. 26 The extensional deformation of nonNewtonian liquid bridges has been studied experimentally 3, 4, [27] [28] [29] [30] and has also been studied recently using the finite-element method. 31 Extensional deformations of Newtonian fluids at low Reynolds numbers incorporating motion both inside and outside the fluid column are the main focus of this paper. A sample numerical simulation of a liquid bridge whose righthand end plate is moved at constant velocity is presented in Fig. 1 . We notice the breaking of symmetry about the midplane, an effect which depends on the viscosity ratio between the inner and outer fluids, the asymmetric boundary motion and the interfacial tension. It is well known in the liquid bridge literature 13, 17, 32 that breaking of symmetry can also occur during capillary breakup of static liquid bridges subject to some asymmetric perturbation ͑e.g., axial acceleration, disks of different diameters͒. The results in this paper highlight the dynamical role of stretching and viscosity in modifying the long-time evolution of the bridge ͑see section IV C for further discussion͒. Fluid flow occurs because of the end-plate motion and additional interfacial-tension-driven motions arise owing to curvature variations; breakup is expected shortly after the final simulation shown. The total applied forces on the end plates are typically measured during liquid bridge stretching experiments and are calculated as functions of time in our simulations. Each of the above topics are discussed in this paper.
We first briefly review in Sec. II the classical results obtained in the static limit, but recast the results in a form relevant to typical experimental configurations. The major part of this paper treats the dynamics of Newtonian liquid bridges undergoing extensional deformations between parallel circular plates. This topic is investigated numerically using a boundary integral method for viscous free-boundary problems. In Sec. III a brief summary of the numerical method is given. In Sec. IV the simulations are compared with available experimental results and we also systematically investigate the effects of interfacial tension, viscosity ratio between the two fluids and the initial aspect ratio of the bridge.
II. STATICS
We begin with a discussion of the static shapes assumed by a liquid bridge, which is a problem studied last century by Plateau. 8 The problem was reconsidered by Erle et al. 9 and Gillette and Dyson, 10 and recent microgravity experiments have generated renewed interest in this problem. 13, 23 First, we present the equations governing the static equilibrium shapes of liquid bridges and second we present numerical results for equilibrium bridge configurations similar to the stretching experiments described in Sec. IV. Extensive numerical calculations, as well as some experiments, involving the shape and stability of static liquid bridge configurations have been reported in the literature. 13, 32 Consider the static axisymmetric liquid bridge shown in Fig. 2 , where R 0 and 2L denote, respectively, the end-plate radius and bridge length in some equilibrium configuration, and x(z) represents the equilibrium radial position of the interface as a function of the axial coordinate z. In order to maintain the bridge in a fixed configuration it is necessary to apply a force of magnitude F on each end plate. For example, when the bridge is in tension the force on the right-hand end plate is positive, FϾ0, and directed along the positive z-axis.
In experiments designed to determine the maximum stable length of a liquid column, the bridge may be deformed quasi-statically from one equilibrium configuration to another. It is convenient to introduce dimensionless measures of the geometric configuration. The aspect ratio is defined as ⌳ϭL/R 0 . The dimensionless volume of the bridge relative to the volume of a right circular cylinder of length 2L is V ϭV/2R 0 2 L. Experiments performed by stretching a bridge of constant fluid volume V from one equilibrium length to another thus correspond to maintaining a constant value of V ⌳ϵV/2R 0 3 . It is well known that in the case of constant interfacial tension, , the equilibrium interface shape, x(z), is the surface of revolution that minimizes the surface area. Gillette and Dyson 10 studied this problem theoretically using the calculus of variations and demonstrated that the Euler-Lagrange equation for the liquid bridge geometry is equivalent to the Young-Laplace equation, which in the absence of gravitational body forces leads to the static force balance,
where ⌬ Pϭ P 1 Ϫ P 2 denotes the static pressure difference between the inner and outer fluids. A dimensionless form of equation ͑2͒ can be written as
where all lengths are nondimensionalized by R 0 , P ϭ⌬ PR 0 / is the dimensionless pressure difference and F ϭF/(R 0 ) is the dimensionless force acting on either of the end plates. For P ϭ0 there is no volume constraint and the problem is equivalent to the classical soap film problem whose solution yields a catenary 9 given by the equation
͑4͒
The constant c 1 is chosen to satisfy the boundary condition
In cases where P 0, equation ͑3͒ can be solved analytically in parametric form. The interface shape and the liquid bridge volume are expressed in terms of elliptic integrals as functions of the dimensionless pressure difference P , applied force F and the aspect ratio ⌳. 10 For identical endplate sizes the equilibrium shapes obtained have the symmetry x (ẑ )ϭx (Ϫẑ ).
Since the static equilibrium configuration represents the limiting case of vanishing end-plate velocities for the extending, constant volume liquid bridges studied in Sec. IV, it is natural to calculate the static bridge shapes given an aspect ratio ⌳ and a fixed fluid volume V ⌳. This procedure of setting the bridge volume and the geometric configuration is one which would also be most common in a laboratory experiment. Because the parametric equations 10 give the interface shape and volume as functions of the pressure difference, the applied force, and constant parameters determined by setting the geometric dimensions ͑aspect ratio and length or diameter͒, a numerical approach is required. In particular, we obtained numerical results by using an iterative scheme in which the dimensionless volume V , and the aspect ratio ⌳, as well as the plate diameter, were fixed and the parametric equations given by Gillette and Dyson 10 and the constraint ͑1͒ were solved for P , F and the interface shape. We note that this procedure is different than that used by Gillette and Dyson who specified P and F and so determined the interface shape and fluid volume required in an explicit manner using the parametric equations they had derived. Our procedure, i.e., specifying V and ⌳, is similar in spirit to the approach utilized by Meseguer and Sanz, 17 who solved a boundary value problem numerically to obtain the equilibrium shapes. The results from these two different numerical implementations are the same although they are presented in different manners.
In Figs difference and the applied force on the end plates as a function of the aspect ratio and the different values of the fluid volume. Conditions for each curve were chosen so that the dimensionless fluid volume is V ϭ1 at initial aspect ratios of ⌳ϭ0.25,0.5,1 and 2, respectively. The dimensionless pressure difference and force at these conditions are P ϭ1 and F ϭ1. Representative shapes for concave and convex liquid bridges are also shown in Fig. 3 . We first note that in Fig. 3 , the pressure difference is negative for the case ⌳V ϭ0.25 for aspect ratios ⌳Ͼ0.25. For a concave liquid bridge with these parameters, the interface curvature is such that at a given point on the interface the pressure difference must be negative in order to balance the outward directed resultant force produced by interfacial tension. For all the other cases presented in Fig. 3 , the interfacial tension force on an element of the interface is directed towards the inner fluid. We have also indicated on Fig. 3 circles which denote the static stability limit for the given volume of fluid beyond which no equilibrium shapes exist ͑Figs. 6 and 7 of Ref. 10͒. Rectangles indicate the point at which the maximum pressure difference occurs. We note from Fig. 4 that for constricted bridges a tensile force, F Ͼ0, is always required, whereas for sufficiently outwardly bulging ͑convex͒ bridges a negative force, F Ͻ0, is required to maintain a constant plate separation. This variation in the sign of the force may also be verified by considering equation ͑3͒.
We next turn to a detailed consideration of the dynamical problem in which the end plates are separated as a function of time. Henceforth we also cease to denote explicitly dimensionless variables with a caret.
III. BOUNDARY INTEGRAL FORMULATION
A theoretical study of the dynamical evolution of a deforming liquid bridge is difficult owing to the free-boundary character of the problem: the location of the fluid-fluid interface, on which boundary conditions are to be applied, must be determined as part of the solution. Here we focus on viscously dominated, low Reynolds number motion of liquid bridges. For this limit, the boundary integral method is an efficient and well-established numerical solution technique. [33] [34] [35] The viscous dynamics of stretching bridges studied here may be contrasted with investigations of liquid bridges based on an inviscid irrotational flow approximation. 17, 19 We consider the elongation of a Newtonian liquid bridge schematically indicated in Fig. 5 . Properties of the bridge fluid are again denoted with a subscript 1 and those of the surrounding fluid are denoted by 2. The external fluid is treated as unbounded so that the fluid has two internal boundaries, the fluid-fluid interface S I and the end-plate surfaces S P . We will restrict ourselves to axisymmetric bridge shapes so that the end-plate surfaces are assumed to have an axisymmetric shape and, in particular, we focus attention on the case of thin flat ͑circular disk͒ surfaces shown in Fig. 5 , though other axisymmetric-shaped end plates, e.g., cones, have been numerically simulated and are often used in the laboratory. For all the calculations shown in this paper, the right end plate is moved with constant velocity U R (t)ϭU and the left end plate remains stationary (U L ϭ0). Consequently, the aspect ratio ⌳ increases linearly with time, while the product ⌳V , corresponding to the volume of the bridge, remains constant. Interfacial shapes in this simple bridge configuration may be compared directly with experimental data, available in the literature 28 and generated in our laboratory. 30 The analysis given below may also be generalized to the case where each end plate moves with an arbitrary prescribed velocity.
A. Integral representation of low Reynolds number fluid motions
Fluid flows for which the Reynolds number RϭUR 0 / is small, so that the inertia terms in the Navier-Stokes equations can be neglected, are governed by the linear ͑quasi-steady͒ Stokes equations and the continuity equation. For incompressible flow of a fluid with viscosity i and density i , the velocity u and pressure P satisfy (iϭ1,2)
where the Newtonian stress tensor T has been defined to incorporate the hydrostatic pressure,
g denotes the gravitational acceleration and x denotes the position vector. The velocity is continuous across all interfaces and the stress jump boundary condition at the deforming fluid-fluid interface is
where n is the unit normal directed into fluid 2, ٌ s ϭ(IϪnn)-ٌ is the gradient operator along the interface, ٌ s •n is the mean interface curvature, the interfacial tension is assumed constant and ⌬ϭ 1 Ϫ 2 .
The derivation of an integral equation representation for the solution of this boundary value problem is straightforward. [33] [34] [35] The solution of the integral equation, defined over the bounding surfaces S P and S I , yields the force distribution on the end plates and the interfacial velocities, from which the shape of the liquid bridge can be determined as a function of time. The integral equation representation of the solution is ͑assuming the velocity vanishes far away͒
where ϭ 1 / 2 is the viscosity ratio, y is the integration variable and the tensors J and K are
The integral equation may be nondimensionalized by choosing U, R 0 and 1 U/R 0 , respectively, as the characteristic velocity, length and stress. By using the stress jump at the fluid-fluid interface ͑7͒, equation ͑8͒ is expressed in dimensionless form as
where e g is a unit vector in the direction of gravity. We have introduced two dimensionless parameters, the capillary number C and the Bond number B,
which represent, respectively, the relative magnitudes of viscous and gravitational body forces to interfacial tension forces. In order to preserve the axisymmetry in the problem, we must have e g ʈe z . Also, the J integral has been subdivided into integrals over the deforming interface S I and the endplate surfaces S P , and the stress jump across the rigid end plates is denoted as fϭn•T 2 Ϫn•T 1 on S P . Equations ͑10͒, for x s S P and x s S I , represent coupled integral equations of the second kind for the unknown interfacial velocity u(x s S I ) and the end-plate stress jump f(x s S P ). Boundary conditions are specified on the end plates where the velocities are u(x s S P )ϭ0 on the left end plate and u(x s S P )ϭe z on the right end plate. Specification of an initial surface configuration completes the problem statement. For all the cases presented in this paper the initial interface shape was that of a circular cylinder at an initial aspect ratio ⌳ 0 .
The total force required to keep the left end plate stationary is always negative and is obtained by adding the static ͑interfacial tension͒ contribution to the integrated dynamic ͑viscous and pressure͒ contributions on the plate. A force balance on the left end plate thus yields the dimensionless equation
This definition differs from that used in the static simulations reported in Sec. II.
B. Discretization of the bounding surfaces
Since the geometry is assumed to be axisymmetric, the azimuthal integration in equation ͑10͒ can be performed analytically rendering all surface integrals to line integrals along the axial coordinate. 36 The bounding surfaces S I and S P are subdivided, respectively, into N I and N P elements over which the unknown velocities and stress jumps are assumed constant. The nodal points where unknowns are evaluated are defined at the middle of the surface elements.
At a given time step, a 2(N I ϩ2N P )ϫ2(N I ϩ2N P ) system of linear equations is obtained by writing the discretized version of equation ͑10͒ for the N I points on the interface S I and the 2N P points on the two end plates S P . The resulting system of equations is solved using standard linear system solvers and, with the computed velocities, an explicit Euler time integration is used to update the interface shape according to the kinematic condition tracking the interface following the normal component of motion,
Here time has been nondimensionalized with the convective time scale R 0 /U. The interface shape is approximated by a cubic spline interpolant with which second derivatives are evaluated in order to obtain the surface curvature. 37 Typically we choose N I ϭ41 and N P ϭ15. In the results reported here, gravitational body forces are neglected, i.e., Bϭ0; it is nevertheless straightforward to solve ͑10͒ for axisymmetric geometries with B 0. Numerical convergence checks have been performed to ensure convergence with time step as well as with spatial discretization.
IV. NUMERICAL RESULTS
In this section we present results of numerical simulations of the stretching of Newtonian liquid bridges, an example of which has been shown above in Fig. 1 . Before presenting any detailed results, we discuss an order of magnitude description of the expected flows. At a given point on the interface, if interfacial tension and local curvature are such that interfacial tension forces dominate viscous forces, C ϭ 1 U/Ӷ1, the local normal velocity has magnitude /͓(1ϩ1/)͔. However, in a situation where the reverse is true, C ϭ 1 U/ӷ1, the interface shape is such that motion conforms with stretching of a family of cylinders and the normal component of velocity has magnitude U/⌳.
Similarly, by use of ͑12͒, we arrive at an order-ofmagnitude scaling for the dimensionless applied force on the left end plate:
where ‫ץ‬x/‫ץ‬z represents the slope of the interface at the left end plate. The first term accounts for interfacial tension or capillary forces while the second represents the viscous contribution to the total force. A very extended liquid bridge tends to require smaller forces to maintain the left end plate in a fixed position because of its relatively large aspect ratio, ⌳, and hence there is a smaller contribution to F L from viscous stresses. For early times, viscous effects attain their largest values and can be larger than capillary effects for small enough aspect ratios. Finally, large interfacial tensions always lead to greater applied forces and we further note that the outer fluid may greatly increase the required force for Ͻ1 because of the added viscous dissipation in the external fluid. We begin our study of dynamics with a simulation for a relatively large viscosity ratio, ϭ3000, since large viscosity ratios are typical of most liquid bridge stretching experiments. 3, 4, 30 We then consider in turn the effect of varying C , and the initial aspect ratio, ⌳ 0 . In all cases reported here we take Bϭ0.
A. An example of stretching a very viscous thread
In Fig. 6 we present a sequence of interface shapes for an elongating liquid bridge with ϭ3000 and C ϭ1. The bridge is initially at rest with an aspect ratio ⌳ 0 ϭ1 and is stretched with a constant unit velocity to a final aspect ratio ⌳ϭ3.4. The fluid filament thins as the stretching progresses. Under static conditions a liquid bridge with this final aspect ratio is unstable, though here the bridge remains intact as long as stretching occurs. Also, we observe that in the absence of gravitational body forces and inertia, for large viscosity ratios , and for this value of the capillary number C ϭ1, the minimum interfacial radius occurs at the midpoint of the fluid column and the bridge is fore-aft symmetric. We will see in Sec. IV D that this type of symmetrical deformation only occurs in situations where, for a finite capillary number, the outer fluid is significantly less viscous than the inner one.
In Fig. 7 we show the evolution of the axial component of the normal stress jump e z •f acting along the left end plate for the deforming bridge shown in Fig. 6 . The stress distribution is nearly uniform across the plate except near the contact line (xϾ0.8) at the rim where the velocity gradients are initially larger. At early times, viscous stresses due to elongation of the bridge are largest and the dynamic contribution to the axial force is positive, i.e., the viscous traction attempts to drag the left end plate in the positive z-direction. The viscous contribution to the dynamic force is proportional to the product of the viscosity 1 and the extension rate U/L so that as the bridge elongates at constant velocity the viscous contribution decreases in importance and the capillary pressure eventually dominates leading to a negative value of f z ϭe z •f. To further illustrate this point vector plots of the velocity field inside the extending liquid bridge are presented in Fig. 8, which show that the viscous contribution to the applied force can eventually change sign because of a flow reversal near the left end plate ͑Fig. 8c͒. The accelerated pinching of the high curvature regions leads to a net flow in the negative z-direction near the left end plate. As a consequence of this change in flow direction bulging occurs near the end plates. We will see later that bulging only occurs for certain values of C , and ⌳ 0 .
In Fig. 9 we present a comparison of the evolution of the total tensile force F L on the fixed left end plate as a function of time for C ϭ0.1,1,10. The liquid bridge in each case was stretched to a final aspect ratio ⌳ϭ1.5 at tϭ1 and subsequently both end plates were held in fixed positions while the interface was allowed to deform further until it attained a 
B. Comparison with experimental results
The numerical simulations of liquid bridge dynamics may be compared directly with available experimental data. Kröger et al. 28 performed stretching experiments in a neutral buoyancy tank and measured the evolving bridge shape. We select their experiment performed at 1 mm/s in a Newtonian fluid-fluid system with viscosity ratio ϭ3000 and C ϭ0.115 for which the Reynolds number is sufficiently small (Rϭ 1 UR 0 / 1 Ϸ0.03) to enable comparison with our numerical simulations. Figure 10 presents the sequence of interface shapes obtained numerically for these conditions. At long times the middle of the filament thins rapidly and the fluid near the end plates bulges outwards, which is indicative of a reverse flow near the end plates ͑similar to that shown in Fig. 8͒ and the incipient breakup of the bridge into two hemispherical blobs and satellite drops.
A direct comparison of the numerical and experimental results is presented in Fig. 11 , where the minimum filament radius x mid is shown as a function of time. The results are in good agreement even though the experiment is performed at a small but finite Reynolds number. 
C. Effect of viscosity ratio
In this section we present results for the effects of the viscosity ratio on the dynamics of extending Newtonian liquid bridges. These calculations are of importance in understanding experimental observations of deforming liquid bridges in Plateau tanks 19, 30 since the viscosity of the external density-matching fluid may play an important role in the observed dynamics. Again the left end plate is fixed and the right plate translates at unit speed and as we now show the asymmetric boundary condition results in asymmetric interface distortions for a range of viscosity ratios. In Fig. 12 , interface shapes are shown for an extending liquid bridge with C ϭ0.1, an initial aspect ratio ⌳ 0 ϭ1, and viscosity ratios ϭ0.1,0.5,100. As the outer fluid viscosity increases ( decreases͒, breakup occurs at increasingly greater liquid bridge lengths and the shapes lose the fore-aft symmetry observed at high values of . On the other hand, for у100, the outer fluid has little dynamical influence and for the small capillary number calculations shown, the middle of the fluid column thins increasingly rapidly as the local curvature increases. Simultaneously, bulging of the bridge occurs near the end plates as a result of the flow reversal discussed and shown above. Significantly less bulging near the right end plate occurs for smaller values of , which is a direct consequence of the increase in the outer fluid viscosity and an increased resistance to deformation.
It is worth noting that liquid bridges tend to deform in a symmetrical manner ͑fore-aft symmetry͒ when the outer fluid viscosity is small compared to the inner fluid viscosity. In the case where C ϭ0.1, the numerical results indicate such symmetric deformations occur for у100 during the entire time of the simulations. For cases in which interfacial tension plays a less significant role ͓C ϾO(1)͔, symmetrical deformations for the imposed asymmetric boundary conditions occur for somewhat higher viscosity ratios; i.e., as the magnitude of interfacial tension stresses decreases, motion of the outer fluid can influence the dynamics enough to break the symmetry even for Ͼ100. Nevertheless, any asymmetries which occur during deformation are accentuated as breakup occurs. For large interfacial deformations, the spatial discretization of the mesh becomes apparent as sharp curves appear in regions of high curvatures. In the simulations, however, the shape is smooth since a cubic spline is used to represent the interface.
It is worth contrasting the breaking of fore-aft symmetry observed here with the well-known symmetry breaking documented for static liquid bridges. 13, 17, 32 For a static bridge bound by equal disks there is a minimum dimensionless fluid volume below which a bridge is unstable for a given aspect ratio. This result is commonly represented as a curve in a minimum volume versus aspect ratio plot ͑e.g., Gillette and Dyson͒. Analyses based upon the YoungLaplace equation, 14 including gravitational effects, have shown that static liquid bridges with ⌳Ͼ⌳ c lose fore-aft symmetry as they undergo capillary breakup, whereas for ⌳Ͻ⌳ c the fore-aft symmetry is retained; ⌳ c denotes a critical aspect ratio. These stability results are in agreement with experiments 32 and inviscid calculations 17 that follow the evolution of a static interface responding to a given perturbation. For the case of no gravitational effects, the critical aspect ratio has the value ⌳ c ϭ2.13; the corresponding minimum dimensionless volume is V c ϭ0.57 and this also corresponds to an initially cylindrical liquid bridge of aspect ratio ⌳ 0 Ϸ1.2 that has been stretched quasi-statically to its minimum stable configuration. However, dynamical effects owing to the presence of viscous stresses from the inner and outer fluids alter the dynamical evolution of the bridge. In particular, it is possible to start with an initially cylindrical liquid bridge with aspect ratio ⌳ 0 Ͼ1.2 which evolves with fore-aft symmetric shapes at all future times in our simulations. For example, a calculation ͑not shown here͒ pulling a bridge at both end plates with ⌳ 0 ϭ2, C ϭ0.1 and ϭ0.1 evolves symmetrically, even up to ⌳(t)ϭ10, in a manner similar to that shown in Fig. 12b even though static bridges undergo asymmetric capillary breakup for values of the as- FIG. 12 . The effect of the viscosity ratio ϭ 1 / 2 on the evolution of the fluid interface; C ϭ0.1, ⌳ 0 ϭ1, Bϭ0. ͑a͒ ϭ100, ͑b͒ ϭ0.5, ͑c͒ ϭ0.1. FIG. 13 . The effect of on the evolution of the liquid bridge mid-point radius; C ϭ0.1, ⌳ 0 ϭ1, Bϭ0. The curves for ϭ100 and ϭ1000 nearly superpose.
pect ratio ⌳Ͼ⌳ c ϭ2. 13 . By contrast for a simulation with ⌳ 0 ϭ1, C ϭ10 8 , ϭ0.1 asymmetries are visibly apparent for ⌳(t)Ϸ1.5Ͻ⌳ c . These deviations from static and inviscid predictions are due to viscous effects and are discussed in more detail in Sections IV D and IV E.
The evolution of the mid-point radius of the interface and the dimensionless applied force on the left end plate are presented in Figs. 13 and 14 for 0.1рр10 3 ,C ϭ0.1 and ⌳ 0 ϭ1. These plots again illustrate that the outer fluid no longer influences the qualitative dynamics of deformation for values of у100. In fact, the curves for у10 are nearly indistinguishable. We also note that for large the initial force is F L ӍϪ/C while the dependence of the initial force on approximately scales as (1ϩ1/), which are the two features present in the scaling expression for the dimensionless applied force at early times given in equation ͑14͒.
As was suggested in the previous section and can be observed in Fig. 14 , significantly more work can be required to elongate the fluid column when the outer fluid has nonnegligible viscosity because of the increased viscous dissipation outside the fluid bridge. We notice that as breakup of the thread occurs, then in the case of large values of the applied force on the stationary end plate vanishes since after breakup no external forces act upon the plate ͑which now has a hemispherical blob of fluid attached to it͒. However, in cases where is O(1) or smaller, there is fluid motion in the outer viscous fluid prior to breakup and so a certain amount of force is still required to maintain the left-hand end plate stationary.
D. Effect of capillary number
In experimental configurations designed to determine the Trouton or extensional viscosity of viscous Newtonian or non-Newtonian liquids, initially cylindrical fluid filaments are deformed at a range of extension rates and the resulting tensile force measurements are used to calculate the extensional viscosity. In the analysis of results from such experiments, surface tension is either assumed to be negligible or the fluid filament is taken to be cylindrical at all times. In this section we report results for the effects of the capillary number C on the dynamics of extending Newtonian liquid bridges.
In Fig. 15 interface shapes for ϭ1, initial aspect ratio ⌳ 0 ϭ1 and C ϭ0.1,1,10 are presented. At lower plate velocities, the capillary forces become more important, C decreases and breakup occurs at progressively shorter liquid bridge lengths. For large capillary numbers and O(1) viscosity ratios, very long threads are obtained which do not fragment as long as the threads are being pulled. Such long, thin, asymmetrical filaments can be obtained in a flow situation where interfacial tension plays a minor role and the outer bath fluid is at least as viscous as the liquid bridge fluid. Additional computations show that long, thin, symmetrical filaments are obtained for high capillary number deformations of liquid bridges when the inner fluid is much more viscous than the outer fluid (ӷ1). In this limit the relative insignificance of viscous interfacial stresses arising from mo-FIG. 14. The effect of on the evolution of applied force on the left end plate; C ϭ0.1, ⌳ 0 ϭ1, Bϭ0. The curves for ϭ100 and ϭ1000 nearly superpose.
FIG. 15.
The effect of C on the evolution of the fluid interface; ϭ1, ⌳ 0 ϭ1, Bϭ0. ͑a͒ C ϭ10, ͑b͒ C ϭ1, ͑c͒ C ϭ0.1.
FIG. 16.
The effect of C on the evolution of the liquid bridge mid-point radius; ϭ1, ⌳ 0 ϭ1, Bϭ0. The curves for C ϭ100 and C ϭ1000 nearly superpose.
tion of the outer fluid means that the liquid filament retains its fore-aft symmetry at all times. This ability to draw long liquid filaments at high C contributes to the viability of such configurations for use in measuring extensional viscosities of viscous fluids at large strains.
For these simulations we report in Figs. 16 and 17 the evolution of the interface mid-point radius and the dimensionless applied force F R on the right end plate. We observe that the dynamics no longer change for C Ͼ10 and the applied force increases as the capillary number decreases by an amount that scales with /C , which is again consistent with equation ͑14͒. Furthermore, the force evolves, at least for C Ͼ0.5, to a constant value.
Since ϭ1 in the above simulations, the motion of the end plate is similar, at least for large extensions, to the broadside translation of a circular disk in an unbounded, homogeneous, otherwise quiescent fluid. Ray 38 and Gupta 39 determined the dimensionless value of the drag force on the disk, F D ϭ16, for the broadside disk translation and this result is shown as the solid horizontal line in Fig. 17 . The curves for large C asymptote to F R / 1 UR 0 Ϸ15.2, which is slightly below the theoretical result. This difference may be rationalized by realizing that, even for these large values of C , interfacial tension is not identically zero. Therefore, there is a slightly greater pressure within the bridge fluid relative to the outside fluid because of the large interface curvatures. The result is a reduction in the drag force on the plate compared to the case where the interfacial tension vanishes (C ϭϱ).
E. Effect of initial aspect ratio
Finally, we briefly summarize numerical results on the effects of the initial aspect ratio ⌳ 0 on the dynamics of the liquid bridge geometry. In Fig. 18 interface shapes are shown for C ϭ1, ϭ1 and ⌳ 0 ϭ0.5,0.75,1,3, which are all stable static configurations. As the initial aspect ratio increases to ⌳ 0 Ϸ1, the final length of the fluid column ͑prior to the numerical calculations indicating thread breakup͒ also increases due, primarily, to the greater amount of bridge fluid present. However, for ⌳ 0 ϭ3, thread fragmentation occurs for a final extended bridge length which is shorter than for the case ⌳ 0 ϭ1. The latter observation can be rationalized by noting from ͑14͒ that the viscous effects scale as ⌳ Ϫ2 implying that for values of ⌳ 0 Ͼ1 interfacial tension forces become dominant at earlier times.
The results shown in Fig. 19 for the force required to translate the right end plate at unit speed illustrate that bridges with smaller aspect ratios require substantially larger forces to elongate, as expected for a flow with lubricationlike characteristics. Furthermore the viscous contribution to the force at early times varies approximately as ⌳ Ϫ2 and at long times ͑i.e., larger aspect ratios͒ the total force ap- FIG. 17 . The effect of C on the evolution of the applied force on the right end plate; ϭ1, ⌳ 0 ϭ1, Bϭ0. The curves for C ϭ100 and C ϭ1000 nearly superpose. The horizontal line is the dimensionless drag force on an isolated disk translating in a quiescent fluid ͑Refs. 38 and 39͒. proaches the approximate dimensionless value of F R ϭ16, which is characteristic of an isolated translating disk.
V. CONCLUSIONS
We have presented a study of the statics and dynamics of deforming Newtonian liquid bridges. In particular, we first investigated the static shapes of liquid bridges for the experimentally realizable conditions of fixed bridge volume. The boundary integral method was then applied in order to explore the dynamics at low Reynolds numbers of viscous fluid columns undergoing steady extensional stretching. The simulations were continued almost to breakup, and yield both the evolution of the total force on the end plates and the shape of the distorting bridge as a function of the capillary number, viscosity ratio and initial aspect ratio. Order-of-magnitude estimates for the velocity along the fluid-fluid interface and for the applied force on the end plates provide useful guides for predicting some of the features of stretching flows given values of C , and ⌳.
Recent work by Eggers 40 has focused on the later stages of breakup of axisymmetric fluid filaments shown in many figures of the present work. In the analysis of Eggers the effects of surface tension, viscous stresses and inertia are all considered to be important and a universal similarity solution independent of the length and time scales imposed by the geometric configuration of the apparatus is developed. The numerical results that we have presented here are for viscous flows for which inertial effects are neglected and do not capture the fine scale details of the breakup process. For a given set of parameters, the numerical simulations indicate the regions where breakup is to occur as well as the approximate time to breakup from an initial configuration.
The dynamical simulations presented in this work can also be used to better understand liquid bridge stretching experiments that are being performed to estimate extensional viscosities of Newtonian and non-Newtonian fluids. 3, 30 An important difference between the present calculations and these experiments is in the form of the imposed kinematics at the end plate. An ideal homogeneous uniaxial elongation requires that the sample aspect ratio increase as ⌳(t)ϭ⌳ 0 exp(⑀t) where ⑀ is the imposed extension rate. It is straightforward to implement such boundary data in the present numerical formulation provided that the bridge fluid is sufficiently viscous to ensure inertial accelerations are negligible. We will report on these calculations at a later date, however it is clear from the simulations in the present work that the non-homogeneous flow induced by the rigid end plates will result in non-cylindrical deformations of liquid columns for any values of C , or ⌳ chosen in the experiments. One possible solution to this may be to incorporate flexible end plates which deform radially at a prescribed rate. 4 
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